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The equilibrium distribution for a random f-functional polycondensation system was derived 
by different probability arguments by Flory, Stockmayer, Good, Gordon, Whittle and others. 
The extension of these techniqrles to more complex systems involves abstract mathematics and 
often requires deriving probability generating functions. This study shows how Graph Theory 
allows one to obtain directly and readily theses molecular distribution functions in the most 
general systems of order f, i.e. consisting of various monolner units with different 
functionalities, all sites being identical and equireactive. 
I. Introduction 
On the assumptions that all functional groups are equally reactive and that intra- 
molecular eactions do not occur on the finite molecules which make the sol, the 
equilibrium size distribution was first examined, in some particular types of three- 
dimensional polycondensation systems, by Flory [l]. In the general case in which 
monomer units are of any functionality f, Stockmayer [2] derived equation (I): 
(fx-x)! f 
wx=(fx-2x+2)! (x- l)! 
px- ‘(1 -p)fX-zx+2 (1) 
where w, is the weight fraction of x-n. andp the conversion. Good [3] and Whittle 
[4] derived also this equation by other different probability arguments. The 
expression (1) is very important because it is a standard reference case, also, again 
recently it gives rise to many controversies [S-lo]. 
This study shows how graph theory allows us to obtain directly the distribution 
function (I) and those relative to the most general systems, composed of various 
monomer units with different functionalities. In these systems, the use of combina- 
tion of the finite molecules become quite complex [2 and 1 l]. Gordon [ 121 showed 
that the distribrltion function (1) could be calculated by using the theory of 
stochastic branching processes [I31. He and coworkers [14] extend their method to 
more complex systems; but Gordon’s technique involves abstract mathematics and 
requires deriving probability generating functions; the method is quite general but, 
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in our opinion, rather difficult to use. The interest of the method developed here lies 
in its simplicity and its facility of extension to complex systems. 
2. System model 
This study deals with very general, systems of order I, i.e. those includi ‘g 
monomers with different functionalities (Al), having identical sites; a link can occur 
between any two sites. 
Consider a very general system initially composed of ml, m2, . . . . mj, . . . . m, moles 
of monomers of type 1,2 . . . . j, . . . . n, having respectively the functionalities 
fi,fi, . ..94. ..-rfn. 
The number of reactive chemical sites is 
So= ..4 t mjfj, 
j=l 
(2) 
.,+ being the Avogadro’s number. 
Let ebe2, l--v ej, l --) e,, be the different fractions of sites belonging respectively to 
the types 1,2, . . . . j, . . . . n. 
mjfj 
--- 
@j-. l 
FI f mi j
The number average functionztlity (PO of the monomers is 
i f mi i 
&)=‘=; = 
c m_i 
(3) 
(4 
In or&et to represent the original chemical system, we will extend the model of 
molecular forest developed by Gordon for the case of f-functional polycondensation 
WI. 
A j-monomer (i.e. monomer of type j) of functionality fi will be depicted by a 
molecular graph which is a tree with a point of degree fjv called “node” and f, 
points of degree 1 called “terminals”. In this paper, it will be assumed that the node 
may be a point of any degree ~1. Fig. 1 shows the tree like model of l-functional 
0-e 
Ml t 
a 1 -functional monomer 
t 
l : ; 
\I/ 
l M3 
a 3-functional monomer 
Fig. 1. Schematic representation f some monomers. 
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and 3-functional monomers. Inthe original system, the number of terminals i equal 
to the number of reactive chemical sites. 
During the evolution of the system, by chemical reaction, links establish them- 
selves between the monomers. On the molecular graph, each chemical link needs the: 
elimination of 2 terminals. Fig. 2 shows a 3-mer composed with a l-functional 
monomer, a 2-functional monomer and a rlfunctional monomer. On the assump- 
tion that all the sites are equireactive and intramolecular reactions do not occur on 
the finite molecules then all these latter can be represented bytrees. Before the gel 
point, all the molecules have tree-like structures but, after the gel point, only the sol 
fraction contents uch molecules. The gel fraction is formed by a singk infinite 
molecule which grc-nrs up at the expense of the sol molecules and the intramolecular 
reaction can occur only on the gel fraction. 
Fig. 2. Schematic representation of 3-met composed of a l-functional monomer, a 2-functional 
monomer and a clfunctional monomer. 
The degree of advancement (or conversion) p of the equilibrium distribution is 
defined by the fraction of made chemical inks among all the realizable chemical 
links, i.e. the fraction of all present terminals which have been eliminated by 
chemical ink formation. 
3. On trees enumerations 
Chemistry is concerned with the making and breaking of bonds and the combina- 
torial problem which interests the chemists arises from the number of ways in which 
bond systems can be made or broken [16]. As we shall see, graph theory can be very 
useful in this field. Thus, the combinatorial theories of Cayley [17] and Polya 118) 
deal with enumeration of isomeric structures; the graphs theoretical formulation of 
the thermodynamic properties which arise from the internal structure of polystomic 
molecules, especially from the combinatorial entropy of formation which ccntri- 
butes to the stability of molecules, was introduced by Gordon and Scantlebury [19]. 
Dealing with polymer equilibria, they established the connection between combina- 
torial entropy and the enumeration of ordered rooted trees [ 16, 20 and 211. The 
enumeration of ordered rooted trees has recently progressed under the stimulus of 
Gordon [22, 231 and we shall incorporate in this study different thorems proposed 
by Gordon and his co-workers. 
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3. I. Definitions 
By definition, 
(n - 1) edges. 
a tree is a connected acyclic graph, and a tree with n vertices has 
A rooted tree is obtained by choosing one of the vertices of a tree as a root. 
An ordered rooted tree is obtained by ordering all the branches borne by all the 
vertices of a rooted tree. This can be done geometrically in a planar epresentation 
(cf. Fig. 3). For such trees, order from left to right (order of birth) within each 
generation is regarded as relevant, i.e. two trees with different orderings are 
regarded as not identical. The same result can be obtained also by labeling all the 
edges of a rooted tree. 
1 Ti 
‘-‘-I-l-a-[-’ (1) 
(2) 
(3) 
Fig. 3. Representation f a tree (I), a rooted tree (2) and an ordered rooted tree (3). 
3.2. Fundamental theorems 
Consider a tree characterized by its type-partition [24] viz. a vector S: 
n 
c 
j=l 
Sj=S 
(5) 
(6) 
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where Sj is the number of points of type j in the tree and let fj be the degree of the 
points of typej. Points of the same degree may be assigned to different types but the 
converse isnot true. 
We affect he same label to the vertices WI the same type, two vertices of different 
type have not the same label. 
Consider a given tree having the above characteristics, if we cali G its symetay 
group, ICI represents he order of the automorphism group viz. the number of 
distinct ways in which the tree can be superposed upon itself including the type 
labels. 
Two non-isomorphic trees are called “isomers” and 
isomers for given S. We shall refer now to the r’th of such 
s-mer . 
let I be the number of 
isomers imply as the ith 
Theorem 1 [22]. The number of distinct ordered rooted trees Ts,k(i) which me 
rooted on a vertex of type k which are isomorphic with the given tree is 
The summation over the degrees of all the *5; vertices gives us the number of 
ordered rooted trees which are isomorphic with the given tree. 
T,(i) 
1 2as =- 
IGil fi ~]Sj 
j=l 
with a, the number of edges in the tree: 
a=+ j$ISjfj=S- 1. 
(9) 
(11) 
For the total number of distinct rooted order:*d trees of all isomers of an s-tree 
(i.e. a tree compound with s1 vertices of type 1, b:2 vertices of type 2, etc.  ..) which 
are rooted on auy vertex of the type k: 
(12) 
(13) 
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And for the total number of distinct rooted ordered trees of all isomers of an s-tree 
(rooted on any vertex of any type): 
BY eliminating c:=, ICi I-* between (13) and (15) we obtain a relation between Ts,k 
and TS: 
T - s,k 
= T &fk 
’ 2a ’ 
The expression (15) shows that, to determine T,, one must know C:=, IGi 1-l. Using 
the cascade theory as Gordon and co-workers howed, it is possible to obtain the ex- 
pression of Ts by Lagrange’s expansion of an implicity defined generating function 
[ZS]. Then, it is possible to know C:=, IGi 1-l as Gordon showed [23]; but this method 
is complicated in the case of trees having several different types of vertices. In this 
study, we obtain C:=, IGiI-1 directly and with use of graph theory alone. 
Theorem 2 [26]. The number of labelled trees having n vertices in which the point 
with label k has degree dk is the multinomial coefficient: 
n-2 
dl-l,dz-1 ,..., dk-l,d,,-1 > 
(19) 
Using this theorem, for the particular case we are interested in, the number of trees 
char’acterized by its type-partition defined by the vector s is: 
(s- 2)! 
7, = - 
,Q II@- l)!]‘,’ 
(18) 
Since in a tree, a =s - 1 
7, = 
(a-- l)! 
,Q N$- WI’,’ 
In another way: 
(a- l)! fi V;j]“i 
r,= 
j=l 
9- l 
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Theorem 3. The number of gtuphs isomorphic to a given graph t,(i) is definea by 
the relation: 
9 
- ts= 
IC I 
with 9 =q! sz! l q,! . (21) 
i 
This theorem isan extension ofanother theorem (271 which states that, in a graph 
Gi having p vertices, the number of different ways in which the points of G can be 
labelled is: 
’ As here, the vertices of the graph (Gi) belong to different equivalent classes defined 
by the type-partition S, so that obviously the labelling of the vertices i made inside 
each class, therefore we have the relation (21). 
For all the isomers of the s-graph, we have 
rs= f: r,(i), 
i=l 
Using the expression of r, given by Thmrem 2, we obtain 
i PI 
(a-l)! fi vj]“i 
-1 = j=l 
i
i-l &KY l 
(23) 
(25) 
Theorem 4. From the relations (15) and (23, we determine the total number of 
dktinct ordered rooted trees of al! homers which may be built with: 
s1 vertices of type 1 and of degree f,, 
s2 vertices of type 2 and of degree f2, 
sj vertices of type j and of degree fj, 
s,, vertices of type n and of degree fn. 
T,=2a!/Y with Y=s,!s-%! l *q,! (26) 
This theorem has already been stated by Gordon and Leonis [24], but their proof is 
not yet available’. 
Knowing T, from Theorem 4and using the relation (16) we can obtain directly the 
number of ordered trees rooted on any vertex. In particular, we can derive the 
number of planted trees (i.e. the number of rooted ordered trees in which thz root 
has degree l), what leads to the result obtained by Tutte [28] using Lagrange’s 
expansion. 
* Note added in proof. Since this paper has been submitted, proofs of Theorem 4 have been given by M. 
Gordon and J.A. Torkington, Enumeration of coloured plane trees with a given type partition, Discrete 
Appl. Math. 2 (1980) 207-223. 
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4. Molecular distribution 
4.1. Determination of number of node rooted ordered trees 
As Good [29] and Gordon [23] showed, the number of rooted ordered trees iso- 
morphic with a given isomer tree is a measure of the abundance of that isomer in 
nature. 
So that the preceeding enumeration corresponds with the chemical reality, we 
must only take into account he trees which are rooted on the nodes. Therefore, con- 
sider an x-mer composed with x monomers distributed in n different types and char- 
.acterized by the vector x: 
x=[q,x2, . . . . xj, . . . . XJ (23 
where xi is the number of monomers of type j, and let fj be the functionality of 
monomers of type j. 
Assume that different types of monomers have the same functionality, then, they 
differ only by their chemical structure. We associate to this x-mer, an s-mer, by the 
graphical procedure defined in Section 2. This s-mer tree has s vertices with the 
given partition: 
- x node vertices characterized by the vector x, 
- and sr terminal vertices: 
(29) 
or 
sp.=x(&-2)+2 (30) 
with &, the number average functionality of the monomers constituting the x-mer: 
The condition to have a tree is sTzO; then 
x((p,-2)+210 with xz: 1, &Z 1. 
The total number of vertices is 
and the total number of edges a is 
a=x-1 +sT, 
or 
42=x(&- l)+ 1. 
(32) 
(33) 
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Using the relation (16) the number of ordered trees rooted on anv node TX deduces 
from the number of ordered rooted trees Ts defined by the vector s. 
Theorem 4 gives 
T,=2a!/.Y, (36) 
with here 
a=x(&-I)+ 1, Y= Y+! where F=xl!x2! . ..x.!. 
The number of node rooted ordered trees becomes 
TX= @x(x(& - w 
9-[x(&-2)+2]! l 
(371 
The equation (37) allows us to obtain directly the number of al1 the distinct mole- 
cules which may be built from x monomers. Using again the relation (la), we can 
determine the number of molecules rooted on a given monomtz 
4.2. Determination of the probability Px of finding a site of ati .y-mer 
Consider a reacted or unreacted site selected at random and, as in Flory’s pro- 
cedure [30], determine the probability that the selected site is par i of an x-merit con- 
figuration, i.e. a node rooted ordered tree. 
Let k, for instance, be the type of the monomer bearing the selected site (in this 
system, a site is only determined by the type of the bearing monomer), the probabi- 
lity that the (x- 1) units composing the x-mer are attached according to a specific 
configuration (i.e. according to a node rooted ordered tree) is 
As the probability of selecting such a site is ek, the probability that a site borne by a 
monomer of type k is attached to an x-merit specific configuration may be written as 
p’- ‘(1 _p)Y&-a+2 fi @?-J. 
j=l 
As this probability is the same for each node rooted ordered tree (whatever k is) 
and TX is the total number of distinct node rooted ordered trees, the probability P, 
of finding a site of an x-mer is 
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with 
This equation @lo), after a trivial step, is identical with that proposed by Stockmayer 
[ 11, eq. (20)] obtained by the use of a standard combinatory formula nd generating 
functions. 
The xsx sites of an x-mer being partitioned in 2<.x- 1) reacted sites and 
[x((p, - 2) + 21 unreacted sites, the fractions of all the reacted sites and all the unre- 
acted sites belonging to x-mer are 
(Px)react = 2(xI l) p”, 
wx P 
x(Gx-2)+2 Px 
Vx)unreact= x(p 
X 
I-p 
(41) 
(42) 
and 
px = P(P,)m,t + (1 - P)(~xAl,,,,ct (43) 
Note that (Px)unreact can be obtained directly knowing the number of planted trees 
determined from Tutte’s theorem [281 or from Theorem 4 and relation (16). 
(Px)unreact = fi r, 
with Tl being the number of distinct ordered trees rooted on a terminal. 
T T x(&-2)-r-2 Mcp,- IN! 
t 
= %(gx- 1)+2 = s*[x(cp,- 2) + lfi l 
(45) 
4.3+ Weight distribution function w, 
Assuming each monomer has same weight, the weight distribution function w, 
represents the fraction of initial monomers which belongs to x-mer. 
If NO is the number of initial monomers, the number of sites Sx which belongs to 
the x-mer is 
s, = w,Nocpx. (46) 
The probability of finding a site of an x-mer being the fraction of total sites 
belonging to the x-mer, the number of sites Sx may also be written as 
where (pr, is the number average functionality of all the monomers of the system. 
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By comparison of the relations (46) and (47) we obtain the weight distribution 
function w,: 
4.4. Number distribution function n, 
If NX is the total number of x-mers, the number of sites SX may be written in 
another way: 
&= N,x (pX. (50) 
By comparison of the relations (50) and (47) we obtain 
(51) 
If N is the number of molecules at p conversion, by definition, the number distri- 
bution function n, may be written as 
n,= N,/N (521 
and, because the number average degree of polymerisation, m,, is given by the 
expression: 
Dpn3= 1 
N WP+O’ 
(53) 
We obtain 
(54) 
4.5. Appkations to particular systems 
In the case of a system composed only of f-functional identical monomers, we 
find again the classical expression (1) first derived by Stockmayer (21. 
Consider also the case of a system which is a mixture off functional monomers 
(Jr 1) with 2-functional monomers. 
Let 8 be the fraction of sites belonging to f-functional monomers and conse- 
quently (1 - e) the fraction of sites belonging to 2-functional monomers. 
Let n be the number of f-functional monomers in any x-mer and consequently 
(x - n) the number of 2-functional monomers. 
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The number average functionality of the total monomers i given by the relation 
W: 
The number average functionality of the monomers constituting the x-mer is 
The 
by the 
nf+2(x-n) _ n(f-2)+2x 
(p,:=- x x ’ (56) 
expressions of weight and number distribution functions given respectively 
relations (49) and (54) become in this particular case: 
bf [n(f- 2) +x)! 
wx52e+f(l -e)n!(x-n)! [n&2)+2]! 
p”-‘(1 -p)~LW)++n(l -B)x-n (57) 
2,f [ndf- 2) +x] ! 
nxz2@+f(l +p-Q) n! (x-n)! [nCf-2)+2]! 
p”-‘(1 -~)Nf-2)+2~n(l +x--n (58) 
expression identical with Stockmayer’s (21. 
In the case of a system composed with l-functional u= I) and 2-functional 
monomers, we find again the expressions established from Markov chains 131). 
‘8 w xp’-‘(1 -p)2-n@n(l -@)x-n 
X 
=- 
(1 +e)n!(2-n)! 
we must examine 3 cases: 
_ n = 0, this is the case of the molecules having zero l-functional monomers and x 
2-functional monomers. 
+*px- 1 (1 -p)2(1 -@)“(l +&-I. (60) 
L n = 1, this is the ::ase of the molecules having one l-functional monomer and 
(x - 1) 2-functional monomers. 
w2=2xpq1 -p)@(l -e)“-‘(1 +e)-‘. X (61) 
- n = 2, this is the case of the molecules having two l-functional monomers and 
ix - 2) 2-#functional monomers. 
w:=xp”-2Qq1 -e)“-2(1 +e)-1. (62) 
For the weight distribution function of the x-mer having any composition in two 
types of monomers, we have, as we showed in another way [31]: 
Wl =(l -p)[l +@-p(1 -Q)](l +&-I. 
and for x22: 
(63) 
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5. Conclusion . 
As it has been shown here, Graph Theory directly leads on the very general form 
to the molecular distribution functions in multifunctional polycondensates from 
order I systems. This method can be used also to establish the generalized istribu- 
tion function for a variety of monomers bearing A-functional groups which can 
only react with a variety of monomers bearing B-functional groups [32]. 
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